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Abstract
A characterization of factorial Noetherian domains in terms of 0-submodules is presented and
it is applied to give a criterion for the ring of a hypersurface to be factorial (Vasconcelos,
Computational Methods in Commutative Algebra and Algebraic Geometry, Springer, Berlin,
1998) and to reduce a conjecture of Evans and Grth in Syzygies (Cambridge University Press,
Cambridge, UK, 1985) to ideals. c© 2000 Elsevier Science B.V. All rights reserved.
MSC: Primary 13C15; secondary 13C14, 13H10
1. Introduction
A classical result [6] states that a local domain R is factorial if and only if every
ideal in R generated by two elements is of nite projective dimension. This does not
apply to some important classes of rings; for example, to the symmetric algebras over
a regular ring. It thus seems to be of some interest to extend the above result to the
non-local case. For Noetherian domains this is achieved in Theorem 1 below. As a
consequence of this characterization it follows that if R is a Noetherian local domain,
then R is factorial if and only if every non-zero ideal generated by two elements in
R is of projective dimension one. Also, if f is an irreducible element of a Noetherian
factorial domain R, Theorem 2 furnishes a criterion for the ring R=(f) to be factorial
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in terms of two-generator ideals. In fact, a question by Vasconcelos in the introduction
of [9] motivated this result originally. Finally, in Section 3 we reduce the conjecture
on the non-vanishing of the local cohomology groups in the range [2; d − 1] of a
non-free reexive nitely generated module of rank 2 which is a vector bundle over
the punctured spectrum of a regular local ring, to a class of ideals dened accordingly
below.
2. Characterizing UFDs
Theorem 1. A Noetherian domain R of dimension  2 is factorial if and only if
every two-generator ideal I in R admits an exact sequence of the form 0 ! R !
R2 ! I ! 0.
Proof. In characterizing UFDs, the notion of a 0-submodule plays an important role.
We introduced this notion in [7, Section 2] as a particular case of prime submodules:
a submodule M of a module N over a domain R is said to be a 0-submodule if N=M
is torsion free, or equivalently, if zero is the unique non-injective homothety on N=M .
Precisely.
Lemma 1. Every 0-submodule of rank 1 of a reexive nitely generated module of
rank  2 over a factorial domain R is free.
Proof. Let N 0 be a 0-submodule of rank 1 of a reexive nitely generated R-module N
of rank  2. We only need to prove that N 0 is reexive as any reexive nitely gener-
ated module of rank 1 over a factorial domain is free [5, 1.9], [4, II.
Proposition 6.2]. Set N 00 = N=N 0, so that we have an exact sequence of R-modules
0! N 0 ! N ! N 00 ! 0. Let p 2 SpecR be such that height p  2. As R is normal,
depth Rp  2 and using [1, Proposition 1.4.1(b)] we deduce that depth Np  2. The
cohomological interpretation of depth (e.g., see [4, III.3]) then yields H 1pRp (Np) = 0.
Moreover, as N 00 is torsion free, we also have H 0pRp (N
00
p )=0. Taking cohomology with
supports in V (pRp) in the above exact sequence we thus obtain H 1pRp (N
0
p) = 0. Hence
depth N 0p  2, and again by applying [1, Proposition 1.4.1(b)] we conclude that N 0 is
reexive.
The proof of Theorem 1 is now as follows. If R is UFD, then it follows directly
from Lemma 1 that the kernel of every epimorphism p : R2 ! I is free as kerp is
a 0-submodule of rank 1. Conversely, let I = (x; y) be a two-generator ideal in R and
let p : R2 ! I be an epimorphism whose kernel is free. Set p(1; 0) = x, p(0; 1) = y.
According to [2, Sections 20.6, 20.15] it suces to prove that if I is non-principal then
there exist a regular sequence (x0; y0) in R and an element a 2 R such that x = ax0,
y=ay0. As kerp is free we have kerp= h(y0;−x0)i for an element (y0;−x0) 2 R2 and
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since p(y;−x) = 0, there exists a 2 R such that x = ax0, y = ay0, so we only need to
prove that (x0; y0) is regular. Let y0 be the image of y0 in R=R=(x0). It suces to prove
that for every maximal ideal m R, y0 is a non-zero divisor in R m. This is certainly
the case if y0 62 m. Therefore we can assume y0 2 m. Hence (x0; y0)m = −1( m),
where  : R ! R denotes the quotient map, and thus I m. We claim that Im is a
non-principal ideal in the local ring Rm for otherwise Fitt1(Im) = Fitt1(I)m = (x0; y0)m
[8; 2, Corollary 20.5] would also be principal; i.e., x0 = bz, y0 = cz, with z 2 mRm,
and since (c;−b) 62 kerp, for z is not invertible, p(c;−b) would be a zero divisor
in Rm. Accordingly, proj dim Im = 1, and we can apply the Hilbert{Burch theorem
[2, Theorem 20.15] to the sequence
0! F2 ’2−!F1 ’1−!Rm ! Rm=Im ! 0;
with F1 = (Rm)2, ’1 =pm, F2 = h(y0;−x0)im, ’2(y0;−x0) = (y0;−x0), to conclude that
I1(’2) = (x0; y0)m has depth exactly 2 in Rm. Hence y0 is a non-zero divisor in R m.
Theorem 2. Let R be a Noetherian factorial domain of dimension  3; and let f 2 R
be an irreducible element. Then; R=(f) is factorial if and only if every two-generator
ideal I in R such that I + (f) 6= R satises one of the following two conditions:
(i) There exists a 2 R such that I (f; a) 6= R.
(ii) (f) \ I = fI .
Proof. Assume that R = R=(f) is factorial and let I = (x; y)R be an ideal. We set
I = (I)= (x; y), where  : R ! R stands for the quotient map. As we further assume
I+(f) 6= R, then I 6= R. According to [2, Sections 20.6, 20.15], either I is principal or
an element a 2 R and a regular sequence x0; y0 in R exist such that x= ax0, y= a y0. If
I is principal, say I =(z), then I  (f; z) and (i) holds true. If a is non-invertible, then
I (f; a) and again (i) holds true. If a is invertible, then (x; y) is a regular sequence
in R and hence (e.g., see [2, A3.10.1]), TorR1 (R=(f); R=I) = 0.
Conversely, assume that one of the conditions (i) or (ii) above hold true. Let I  R
be a non-null ideal generated by two elements. By applying Theorem 1 we only need to
prove that the kernel of every R-linear epimorphism p : R
2 ! I is free. Let x; y 2 R be
elements such that (x)= p(1; 0)= x, (y)= p(0; 1)= y, and let p : R2 ! I =(x; y) be
the epimorphism p(1; 0)=x, p(0; 1)=y. As R is factorial from Theorem 1 we conclude
that kerp = R, and tensoring the exact sequence 0 ! kerp ! R2 ! I ! 0 by R
and taking into account that TorR1 ( R; I)=0, we obtain an exact sequence of R-modules
0! R! R2 ! I=fI ! 0. If no principal ideal in R contains I , then (i) does not hold
and by virtue of the hypothesis, (ii) does hold. Accordingly, (f)\ I =fI and from the
above sequence we conclude that ker p = R. If I is contained in a principal ideal, then
x = ax0, y = a y0. As R is Noetherian we can further assume that there is no principal
ideal in R containing I
0
= (x0; y0). Let p0 : R
2 ! I 0 be the epimorphism p0(1; 0) = x0,
p0(0; 1) = y0. As we have just seen ker p = ker p0 = R, thus nishing the proof.
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3. Reexive modules of rank 2
For the sake of simplicity, an ideal I R of a local ring (R;m) is said to be an
almost two-generator ideal if height I=2 and I is generated by one or two elements at
every point of the punctured spectrum of R. For example, the ideal of the curve x= tn1 ,
y = tn2 , z = tn3 in the local ring of the origin in k[x; y; z] is an almost two-generator
ideal (cf. [4, Example 1.11]).
Theorem 3. Let (R;m) be a regular local ring of dimension d. We have
(1) Let I be an almost two-generator ideal and let  : F ! I be a minimal
epimorphism; that is; F is free and rk F = dimR=mI=mI . Assume ker  contains a free
direct summand F 0 of rank 1 such that F 0p  pFp ; for every p 2 V (I) of height d−1.
Then; I is the quotient of a torsion-free R-module of rank 2 which is free over the
punctured spectrum of R.
(2) Let M be a reexive nitely generated R-module of rank 2 and let N M be
a 0-submodule of rank 1 such that N mM and M=N is isomorphic to an almost
two-generator ideal I. Then; M is free over the punctured spectrum of R if and only
if Np  pMp for every p 2 V (I) of height d− 1.
Proof. (1) Set K = ker . By virtue of the hypothesis we have K = F 0  K 0. Then,
M = F=K 0 is a torsion-free R-module of rank 2 and we only need to prove that Mp
is a free Rp-module for every p 2 SpecR − fmg of height d − 1. If Ip is principal,
from 0! F 0 ! M ! I ! 0 we obtain Mp =F 0p  Ip and certainly Mp is free. If Ip is
not principal, then I  p necessarily and from the assumption in the statement we thus
have F 0p  pMp. Hence the induced mapping  : Mp=pMp ! Ip=pIp is an isomorphism
so that dimMp=pMp = dim Ip=pIp = 2, and since we conclude, rkMp = 2.
(2) Let p : M ! I be an epimorphism such that kerp = N , and let  : F ! I be
as above. As F is a projective module, there exists a homomorphism ’ : F ! M such
that p’=. As N mM and  is minimal from Nakayama’s lemma it follows that ’
is surjective and since M is reexive the 0-submodule N is free by virtue of Lemma 1.
Hence ker = N  ker’. Accordingly, F 0 = N is a free direct summand of rank 1 of
ker’ and it is straightforward to prove that ker  satises the remaining assumptions
of the rst part of the statement if and only if M is free over the punctured spectrum
of R.
Lemma 2. Let (R;m) be a regular local ring and let I R be an ideal of height
h such that H 0p (R=I) = 0 for every p 2 SpecR with height p  h + 1. Then I is
unmixed.
Proof. If p 2 AssR=I , then we have an injection 0 ! R=p ! R=I and taking co-
homology with supports in V (p) we obtain 0 ! R=p = H 0p (R=p) ! H 0p (R=I). Hence
H 0p (R=I) 6= 0 and from the hypothesis we conclude that height p = h.
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Theorem 4. Let (R;m) be a regular local ring of dimension d  3 and let M be
a non-free reexive nitely generated R-module of rank 2 which is a vector bundle
on the punctured spectrum of R. If N M is a 0-submodule of rank 1; M=N is
isomorphic to an ideal I R and either I is m-primary or I is an unmixed almost
two-generator ideal.
Proof. As M=N is an R-module of rank 1, (M=N )__ is a reexive module of rank
1 over a factorial domain and hence it is free; i.e., (M=N )__ = R and since M=N is
torsion-free by virtue of the hypothesis we have an injection 0 ! M=N ! (M=N )__,
so that M=N is isomorphic to an ideal I R which cannot be principal. In fact, if I is
principal, then M = N  I and M is free as N is free by virtue of Lemma 1. If I is
not m-primary, then there exists p 2 SpecR such that p 6= m, I  p, height p= d− 1.
As Mp is free, Ip is generated by one or two elements so that height I =height Ip  2.
Let I 0 be the ideal obtained by dividing each generator of I by their greatest common
divisor, say I 0 = (x01; : : : ; x
0
n), where xi = ax
0
i , 1  i  n, a = gcd (x1; : : : ; xn), and
I=(x1; : : : ; xn). Then, height I 0  2 as I 0 is contained in no prime ideal of height 1 for
each height-1 ideal in R is principal. As I=aI 0 we thus conclude height I 0=2. Finally,
for every p 2 SpecR, height p  3, by taking cohomology with supports in V (p) in
the sequence 0! N ! M ! I ! 0 we obtain H 1p (I) = 0, as H 1p (M) =H 2p (N ) = 0 for
N is free and M is reexive (and hence grade (p; M)  2). Accordingly, H 1p (I 0) = 0
and from 0 ! I 0 ! R ! R=I 0 ! 0 we deduce H 0p (R=I 0) = 0. The above lemma then
shows that I 0 is unmixed, thus concluding.
Corollary 1. Let R be a regular local ring of dimension  3 containing a eld.
Then; every reexive R-module of rank 2 generated by four elements which is a
vector bundle on the punctured spectrum of R; is free.
Proof. It is not dicult to see that there exist generators m1; m2; m3; m4 of M such that
N = R m1 is a 0-submodule. According to Theorem 4, M=N is isomorphic to an ideal
I R. If height I = 1 then M is free; otherwise we apply [3, Theorem 4.4] to obtain
proj dim I = 1 and we can conclude by virtue of [3, Theorem 6.4].
Evans has informed us (personal communication) that the above result also follows
by using the Eagon{Northcott complex [2, A2.6.1].
Let (R;m), M be as in Theorem 4 with d = dim R  5. Set X = SpecR − fmg.
In [3] the authors ask whether Hi(X;M) 6= 0 for all i in the interval 1  i  d − 2.
As Hi(X;M) = Hi+1m (M) for every 1  i  d − 2 (see [3, Theorem 6.3]) the above
question means Hjm(M) 6= 0 for 2  j  d− 1. Using the above results, this question
can be reduced to ideals as follows.
Corollary 2. Evans{Grith conjecture is equivalent to saying that for every ideal I
satisfying the conditions in Theorem 3(1) the following inequalities hold true: Hjm(I) 6=
0; 2  j  d− 1.
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